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Abstract

This paper focuses on obtaining exact solutions of nonlinear Akbota equation through the application of the modified
Khater method and Sardar sub-equation method. Renowned as one of the latest and precise analytical schemes for
nonlinear evolution equations, this method has proven its efficacy by generating diverse solutions for the model under
consideration. The governing equation undergoes transformation into an ordinary differential equation through a well-
suited wave transformation. This analytical simplification paves the way for the derivation of trigonometric, hyperbolic,
and rational solutions through the proposed methods. To illuminate the physical behavior of the model, the study presents
graphical plots the selected solutions of Khater and Sardar sub-equation method. This visual representation, achieved by
selecting appropriate values for arbitrary parameters, enhances the understanding of the system’s dynamics. All calculations
in this study are meticulously conducted using the Mathematica and Maple software, ensuring accuracy and reliability in
the analysis of the obtained solution. Furthermore we investigate the sensitivity analysis of the dynamical system.

Keywords: Akbota equation, Solitary wave analysis, Exact solutions, The modifed Khater method, Sardar sub-equation
method, Bifurcation analysis, Sensitivity analysis

1 Introduction

In several scientific domains, including hydrodynamics, nuclear science, material science, plasma physics, and related dis-
ciplines, nonlinear partial differential equations (NPDEs) are employed to investigate resonance physical phenomena of
diverse applications and dynamical approaches. There is no one-size-fits-all strategy for solving NPDEs, despite the fact
that numerous efficient approaches have been developed. Partial differential equations (PDEs) have therefore always been
a challenging mathematical problem to solve.Researchers have found many ways to solve NPDEs, numerous including the
Hirota bilinear approach [1] the Hirota direct method [2], Improved Kudryashov [3],H.perturbation technique [4],JE func-
tion scheme [5],exp φ(ξ)-expansion method [6], the MSE method [7], the extended tanh technique [8],the EMSE technique
[9],the bifurcation technique [10],the unified approach [11] , the Wronskian approach [12],extension ERF method [13],LSP
method [11],Wang’sB̈acklund transformation-based method [12] etc. Besides these some fractional technique, such as trun-
cated M-fractional derivative [14] local fractional derivative [15],fractal generalized variational structure [16], conformable
derivative [17],Caputo-Fabrizio derivative [18] and so on are established by various researchers.

A nonlinear wave packet that maintains its original shape while propagating at a constant speed is called a soliton, or
solitary wave. Solitons are self-reinforcing and surprisingly stable, even after interacting or colliding with other solitons, in
contrast to regular waves that disperse or evaporate. They are a significant subject in both mathematics and physics because
of this special quality. John Scott Russell made the first observation of the phenomena of solitons in 1834 when he reported
a ”great wave of translation” that was moving up a Scottish canal without altering form [19]. Despite being unappreciated
at first, his discovery served as the basis for subsequent theoretical advancements. Boussinesq and Lord Rayleigh contributed
mathematical insights into solitary waves in the late 19th century, while Korteweg and de Vries developed the famous KdV
equation in 1895, creating the first rigorous mathematical model of soliton solutions [20].Significant progress in theoretical
physics and applied mathematics has resulted from their research. Recent studies have demonstrated the use of solitons in
a wide range of domains, including condensed matter systems, optical fiber communication, plasma physics, shallow water
wave dynamics, and even biological models [21].

In various branches of physics and chemistry, the real-valued Ginzburg–Landau equation also known as the Allen–Cahn
equation or the nonlinear heat equation—occurs. In the context of pattern development in the case of convection in binary
mixes close to instability, it was initially created as a long-wave amplitude equation. It has been extensively researched
as a deterministic model [22]. In recent years, physics, biology, chemistry, climatic dynamics, geophysics, and other fields
have generally acknowledged the need to take random effects into account when modeling, forecasting, evaluating, and
simulating complex processes [23]. Stochastic differential equations are those that take time-dependent random fluctuations
into account. This article examines the following stochastic real-valued Ginzburg-Landau equation that is forced in the Itô
sense by multiplicative noise:
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uxx + u+ u3 + σuβt (1)

where β(t) is the standard Wiener process and βt =dβ
dt . Here in this study, we consider only the noise is a constant in

the space. Let us first define the Brownian motion β(t). The stochastic process, which satisfies: (i)β(t) ,t ≥ 0 are continuous
functions of t (ii) For s < t,β(t) β(s)is independent of the past, this is also referred to as independence of increments (iii)β(t)
β(s)has a normal distribution with mean θ and variance t s, is called a Brownian motion. The existence and uniqueness of
Eq. (1) were widely studied in literature see for instance [24]. In the other hand, there are different approaches for seeking
solutions of real-valued Ginzburg–Landau Eq. (1). Some of those approaches are the perturbation method [25], the Green
function [26]. Our goal in this paper is to derive the exact stochastic solutions of stochastic real-valued Ginzburg–Landau
Eq. (1) forced by a one- dimensional multiplicative white noise in the Itô sense by using the Riccati method.

To explore the nonlinear behaviors described by the Ginzburg–Landau equation, it is essential to recognize that the frame-
work of complex systems offers a foundation for examining dynamical systems involving numerous interacting variables.One
way to describe the mathematical discipline of complex systems theory is as the study of dynamical systems (DS) that are
characterized by a high number of variables. Enhancing the fundamentals of DS theory, which primarily addresses systems
with a limited number of variables, is the main goal of this field. Numerous fields, such as robotics, network engineering,
telecommunication, and scientific research, have made substantial use of these technologies. Nonlinear partial differential
equations, such as the Ginzburg–Landau equation, primarily describe complicated physical phenomena in this regard. The
dynamical behaviors of this model, including an investigation of its equilibrium and perturbed states, are the main emphasis
of this paper.We examine several topics that can arise in the given DS, such as sensitivity, bifurcation analysis, chaotic
responses, and multistability analysis which together provide a comprehensive picture of the rich dynamics inherent in the
system.

Numerous analytical techniques have been used to find soliton solutions for different NLPDEs. Analytical solutions are
useful because they allow for more accurate modeling of system behaviors that numerical techniques cannot replicate, as
well as a deeper understanding of fundamental physical mechanisms. Because NLPDEs necessitate ongoing research as a
foundational topic, researchers continue to place a high priority on the current investigation of analytical solutions. To
address the difficulties in solving NLPDEs, researchers have developed a number of analytical and numerical methods.

When using these analytical techniques, choosing an appropriate strategy is essential. Among those approaches, the
generalizing Riccati equation mapping method [27] is a reliable and valid process for developing new, precise soliton solutions.
The recommended approach avoids tedious and repetitive computations. The analysis of complex biological and physical
processes is made easier by the generalizing Riccati equation mapping technique. Consequently, the soliton solutions for the
proposed model are obtained in this study by applying the generalizing Riccati equation mapping technique.

Bifurcation analysis is currently crucial for understanding how small changes in system characteristics can have a big
impact on how dynamical systems behave. This mathematical framework helps determine critical moments when a system
changes states, which is essential for forecasting. and managing intricate behaviors in several domains [28,29] . In engineering,
bifurcation analysis is used to predict and prevent structural issues. Engineers can design stronger buildings and avert
catastrophic outcomes by understanding how systems respond to changes in parameters. In fluid dynamics, bifurcation
analysis clarifies the transition from laminar to turbulent flow and provides details regarding the formation of vortices and
patterns [30].In biology, this research looks at disease transmission, population dynamics, and neural activity, showing how
small changes can have a big impact on patterns of behavior. In economics, bifurcation analysis helps simulate market
dynamics and predict how slight changes in economic expansions or contractions can be caused by factors like interest rates.
Understanding chaotic systems requires an understanding of bifurcation analysis. It helps predict chaotic behavior in both
natural and artificial systems and pinpoints the paths leading to chaos. Bifurcation analysis is a powerful tool for managing
and analyzing complex systems, providing crucial information to researchers and practitioners alike. This study aims to
apply bifurcation theory to Ginzburg–Landau equation and to create the traveling wave. We obtain the phase portrait and
Hamiltonian function under various parametric conditions.

A nonlinear dynamical system (DS) is said to behave consistently when it deviates from fixed or repeating trajectories
throughout time, a phenomenon known as chaos [31]. It occurs within perfectly deterministic and simple DS, while it
may appear to be a random fluctuation. The capacity to produce precise long-term predictions and results is hampered
by chaotic systems’ extreme sensitivity to initial conditions(ICs), despite their deterministic operation. Continuous-time
systems with at least three independent dynamical variables are susceptible to chaos, as long as they are also nonlinear and
exhibit characteristics like Lyapunov exponents and Poincaré maps. In continuous-time systems, several requirements must
be met in order to identify chaos. When a system is sensitive to its ICs, it is considered chaotic. Fundamentally, the full
definition of chaos is that a chaotic system behaves in a way that seems random and unpredictable but is actually governed
by deterministic laws [32]. The complicated propagation of nonlinear waves is mostly described by chaos in the context
of nonlinear partial differential equations (NLPDEs). In order to comprehend bifurcation patterns, multistability, and the
transition between coherent soliton states and irregular waveforms, it is particularly crucial to study chaos in NLPDEs, such
as the Ginzburg–Landau equation. The underlying mechanisms of nonlinear wave propagation in physical systems can only
be revealed by getting exact or approximate analytical solutions, notwithstanding the mathematical complexity of these
equations.
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A technique for assessing the impact of different hypotheses or analyses on the pre-formulated research questions is
sensitivity analysis [33, 34]. Stated differently, the goal of a sensitivity study is to assess the reliability and validity of the
main analytical or methodological approach. When there are a variety of plausible and divergent assumptions, sensitivity
studies are most instructive [35]. A single or a collection of mathematical models that are encoded using computer software
and replicate the operation of a real-world system of interest are used in various applications. Such mathematical models
can be mechanistic (also known as process-based) [36], which solves a series of differential equations or other mathematical
equations governing the (potentially) spatiotemporal behaviors of the underlying processes, or data-driven (also known as
statistical), which directly maps inputs to outputs [37].

2 Proposed Method

2.1 Discruption of Riccati method

Consider the NLPDE of the form
F (u, ux, ut, uxx, uxt, utt, ............) = 0 (2)

where u = u(x, t) is unknown function.
Step 1: Select the transformation

u(x, t) = φ(µ)eσβ(t)−σ
2t, µ = c(x− λt), (3)

which convert the Eq. (1) into Ordinary Differential equation (ODE).

G(µ, µ′, µ′′, µ′′′, ........) = 0 (4)

Step 2 : Suppose the General solution of the ODE is

φ(µ) = β0 +

N∑
j=1

βjQ
j(µ), βj 6= 0. (5)

where βj (1 ≤ j ≤ n) are the arbitrary constants and Qj(ζ) is the solution of the equation:

Q
′
(µ) = γ2Q

2(µ) + γ1Q(µ) + γ0 (6)

Where γ2 , γ1 and γ0 are real constants and (3) yields the sets of solutions as:
Step 3 : To determine the value of n we use balancing method among the highest derivative and nonlinear term.
Step 4 : substitute Eqs. (6) with (5) in Eq. (4) and we get the algebric equation with similar power of φ(µ) with the help
of mathematica and obtained the value of β0,β1 and α1.

3 Solution of Riccati method

In this section, we present the Riccati method as a tool for constructing a new wave pattern in a hypothetical model.
Select the transformation

u(x, t) = φ(µ)eσβ(t)−σ
2t, µ = c(x− λt), (7)

After applying the selected transformation on Eq.(1), we get

c2φ
′′

+ cλφ′ − φ3 + (1 +
1σ2

2
)φ (8)

We focus on obtaining the solitary wave solutions for Eq. (1). The process involves employing the balancing method
between higher order derivative and nonlinear term φ′′ and φ3 to determine the value from Eq. (13). Subsequently, we
obtained the value of N = 1, inserted into Eq. (5), allowing for the derivation of further insights we get:

φ(µ) = β0 + β1Q(µ). (9)

By incorporating the expressions from Eq. (14) with (5) and (6) into Eq. (13), and subsequently relating all terms with
similar powers of φ(µ), to establish a systematic and comprehensive representation of the equation.

Q0(µ) : (cλβ1α0 − β3
0 + (1 +

1σ2

2
)) = 0,

Q1(µ) : (c2β1(2α0α2 + α2
1) + cλβ1α1 − 3β2

0β1 + (1 +
1σ2

2
)β1) = 0,

Q2(µ) : (3c2α1α2β1 + cλα2β1 − 3β0β
2
1) = 0,

Q3(µ) : 2c2α2
2β1 − β3

1 = 0,
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The solution sets have been obtained by systematically solving the complex system of algebraic equations, utilizing the
sophisticated assistance of powerful computational tools such as Maple or Mathematica. We acquire the valvue of β0, β1 and
α.

λ0 = 0, α1 =

√
2c2α0α2 + 1σ2

2

c
, β0 =

√
2c2α0α2 +

1σ2

2
+ 1, β1 =

√
2α2c

Case 1: When ∆ = α2
1 − 4α0α2 > 0 , α1α2 6= 0,(orα0α2 6=6= 0) and non-zero real constants F1 and F2,the hyperbolic

solutions are:

Q1(µ) =
√

2α2c(−
1

2

√
∆tanh( 1

2

√
∆(µ+ ζ0))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q2(µ) =
√

2α2c(−
1

2

√
∆coth( 1

2

√
∆(µ+ ζ0))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q±3 (µ) =
√

2α2c(−
1

2

√
∆(tanh(

√
∆(µ+ ζ0))± ιsech(

√
∆(µ+ ζ0)))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q4(µ) =
√

2α2c(−
1

4

√
∆(tanh( 1

4

√
∆(µ+ ζ0)) + coth( 1

4

√
∆(µ+ ζ0)))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q±5 (µ) =
1

2

±
√

∆(F 2
1 + F 2

2 )− F1

√
∆cosh(

√
∆(µ+ ζ0))

α2(F1sinh(
√

∆(µ+ ζ0) + F2))
−−1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q±6 (µ) =
√

2α2c
2rcosh(

√
∆(µ+ ζ0))√

∆sinh(
√

∆(µ+ ζ0))− pcosh(
√

∆(µ+ ζ0))± ι
√

∆
+

1

2

√
8c2α0α2 + 2σ2 + 4,

Q±7 (µ) =
√

2α2c
2rsinh(

√
∆(µ+ ζ0))√

∆cosh(
√

∆(µ+ ζ0))− psinh(
√

∆(µ+ ζ0))±
√

∆
+

1

2

√
8c2α0α2 + 2σ2 + 4,

(10)

Case 2: For ∆ = α2
1 − 4α0α2 < 0 , α1α2 6= 0,(orα0α2 6= 6= 0),and F 2

1 − F 2
2 > 0 ,the trigonometric solutions are:

Q8(µ) =
√

2α2c(
1

2

√
−∆tan( 1

2

√
−∆(µ+ ζ0))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q9(µ) =
√

2α2c(−
1

2

√
−∆cot( 1

2

√
−∆(µ+ ζ0))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q10(µ) =
√

2α2c(
1

2

√
−∆(tan(

√
−∆(µ+ ζ0))± sec(

√
−∆(µ+ ζ0)))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q±11(µ) =
√

2α2c(
1

4

√
−∆(tan( 1

4

√
−∆(µ+ ζ0))− cot( 1

4

√
−∆(µ+ ζ0)))

α2
− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q12(µ) =
1

2

±
√
−∆(F 2

1 − F 2
2 )− F1

√
−∆cos(

√
−∆(µ+ ζ0))

α2(F1sinh(
√
−∆(µ+ ζ0) + F2))

− 1

2

α1

α2
) +

1

2

√
8c2α0α2 + 2σ2 + 4,

Q±13(µ) =
√

2α2c
2α0cos(

√
−∆(µ+ ζ0))

α1cos
√
−∆(µ+ ζ0) +

√
−∆sin(

√
−∆(µ+ ζ0))±

√
∆

+
1

2

√
8c2α0α2 + 2σ2 + 4,

Q14 ± (µ) =
√

2α2c
2α0sin(

√
−∆(µ+ ζ0))

α1sin
√
−∆(µ+ ζ0))−

√
−∆cos(

√
−∆(µ+ ζ0))±

√
−∆

+
1

2

√
8c2α0α2 + 2σ2 + 4,

(11)

Case 3: The rational solutions are :
(i) When α0 = α1 = 0 and α2 6= 0 then solution is :

Q±15(µ) =
√

2α2c±
1

α2(µ+ ζ0)
+

1

2

√
2σ2 + 2, (12)

(ii) For α0, α2 =
α2

1

4α0
, then the solution is:

Q±16(µ) = −1

2

√
2cα0(α1(µ+ ζ0) + 2)

α0(µ+ ζ0)
+

1

2

√
2c2α2

1 + 2σ2 + 4, (13)

Case 4: The exponential solutions are:
(i) For α2 = 0andα0 = νγ1 , the solution is:

Q17(µ) =
1

3

√
− 2
λζλ+

√
−2ζ2λ

λ
(14)
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(ii) For α0 = 0andα1 6= 0, α2 6= 0 , the solutions are:

Q18 =

√
2cα1%

exp−α1(µ+ζ0)−%
+

1

2

√
2σ2 + 4 (15)

3.1 Graphical Representation of Graphs

To illustrate the physical significance of the model, we present density and contour diagrams, as well as three-dimensional and
two-dimensional diagrams that display the results that have been obtained. With a strong emphasis on selecting appropriate
parameter values, the visual representations are meticulously crafted with the help of Mathematica. A comprehensive
understanding of the implications of the diagrams is provided by the diagrams, which offer an insightful presentation.

4 Dynamical analysis

A vital technique for understanding mathematical models is dynamical analysis. Different elements of the equation can be
explored thanks to the variety of instruments used in this study. First, the existence and nature of solutions are understood
through the use of phase portraiture. These images show the existence of several solutions in different regions of the axis and
offer a clear visual representation for analyzing solutions with regard to initial value difficulties. Second, a critical analysis
of the model’s nature with regard to chaos is conducted. To comprehend the chaotic behavior of the models, two distinct
phenomena are taken into consideration. Finally, a multistability analysis is carried out to ascertain the model’s stability
with regard to starting value issues. This analysis reveals the range and conditions under which the model remains stable.

4.1 Phase Potrait

Regardless of whether the parameters are interdependent or not, bifurcation analysis looks at dynamical systems and observes
how the system behaves at different parameter values. A two-dimensional depiction of phase space that displays each variable’s
current state in respect to the others is called a phase portrait. In the phase portrait, a periodic solution is shown as a closed
curve, whereas an equilibrium point denotes a particular, static state. The trajectories of chaotic solutions are shown to be
irregular and distinct. To investigate the emerging dynamics system of Ginzburg Landau equation by applying the principles
of bifurcation theory. Upon simplification, eq. (13) expressed in the form of a planar dynamical system as follows:{

dφ
dµ = Y,
dY
dµ = λφ′

c + γ1(φ(µ))3 − γ2φ(µ)
(16)

Where γ1 = − 1
c2 ,γ2 = 2+σ2

2c2 . This system exhibits Hamiltonian characteristics and possesses the following integral:

G(u, y) =
Y 2

2
− λ

c
φ(µ)− γ1

φ3(µ)

3
+ γ2

φ2(µ)

2
(17)

In the presence of the Hamiltonian constant, we explore the bifurcations of the phase portraits within the parameter space
defined by γ1, γ2 and γ3 and γ3 for eq. (23).

By qualitative analysis, the three equilibrium points for the system of differential equations are determined to be (0, 0),
(D1, 0), and (D2, 0) along the D-axis, where D1 and D2 represent

D1 = (

√
γ1
γ2

), D2 = (−
√
γ1
γ2

). (18)

Also, the jacobian of the system are:

det(J(d, y)) =

∣∣∣∣∣∣
0 1

3γ1(φ(µ))2 − γ2 0

∣∣∣∣∣∣ = −3γ1(φ(µ))2 + γ2. (19)

Thus (d, y) is a saddle point for(det J(d, y)) < 0, it is a center for (detJ(d, y)) > 0 and a cuspidal point for (detJ(d, y)) = 0.
Various outcomes can be achieved by assigning different values to the involved parameters.

Case 1: Under this case,γ1 < 0 and γ2 > 0. we get three equilibrium point M1 = (0, 0), M2 = (D1, 0) and M3 = (D2, 0).
By using c = 1,σ = 2,φ = 3, and obtained the M1 = (0, 0), M2 = (1, 0) and M3 = (−1, 0). Here we see in figure 14 M1 and
M3 represent the center point and M2 represent the saddle point.

Figure 1: Phase portrait of Case 1 with σ1 > 0 and σ2 < 0.
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(a) For α1 > 0 and α2 > 0 (b) For α1 < 0 and α2 > 0.

(c) For α1 > 0 and α2 < 0. (d) For α1 < 0 and α2 < 0

Figure 2: Phase portrait analysis of system (??)

4.2 Chaos analysis

The complicated and erratic behavior present in certain nonlinear systems is referred to as chaos. The goal of chaos analysis
is to comprehend and characterize this behavior. The existence of odd attractors fractal patterns in phase space that system
paths gravitate toward—is one of the primary indicators of chaos in phase plane analysis. Because of how sensitive these
attractors are to beginning conditions, even minor adjustments can have a significant impact on the system’s long term
behavior. {

dφ
dµ = Y,
dY
dµ = λφ′

c + γ1(φ(µ))3 − γ2φ(µ) + αcos(βµ)
(20)
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(a) (b)

(c)

(d)

Figure 3
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(a) (b)

(c)

(d)

Figure 4
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(a) (b)

(c)

(d)

Figure 5

9



(a) (b)

(c)

(d)

Figure 6

4.3 Sensitivity analysis

Sensitivity analysis is used to evaluate how altering input parameters impacts the results of a model, scheme, or process in a
variety of fields, such as science, engineering, and economics. It comprises observing the changes in output that follow from
methodically varying input values within a predefined range. Sensitivity analysis helps with risk assessment, improvement,
and decision-making by identifying the input elements that have the most effects on results. It is crucial for understanding
and managing uncertainty in intricate structures.{

df
dξ = v,
dv
dξ = −σ1v(ξ)− σ2(v(ξ))3

(21)
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(a)

(b)

(c)

(d)

Figure 7

We investigated the proposed model’s sensitivity by examining three different sets of initial conditions. The initial set is
represented by the continuous red dashed curve and consists of the coordinates (f, v) = (0.1, 0). The second set, depicted by
the blue curve, corresponds to the values (f, v) = (0.4, 0); while the third set, shown by the dashed green curve, involves the
values (f, v) = (0.6, 0.6),Figure (16) presents two solutions: one for the initial condition (Ω, ξ) = (0.1, 0) in red dashed and
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the other for (Ξ, θ) = (0.4, 0) in blue. Figure (17) displays two solutions: (f, v) = (0.1, 0) and (f, v) = (0.6, 0.6). Figure (18)
shows two solutions: (f, v) = (0.4, 0) and (f, v) = (0.6, 0.6). Figure (19) shows three solutions: (0.1, 0), (0.4, 0), and (0.6,
0.6). Slight alterations in the initial conditions can result in subtle shifts in the outcome of a dynamic system. Therefore, we
conclude that the suggested system shows sensitivity, although not to an extreme level.

4.4 Poincare Map

The Poincaré map can be used to identify chaos in dynamical systems. This kind of return map documents the intersections
of trajectories on a lower-dimensional cross-section. It essentially converts a continuous system into a discrete one by mapping
each point to its subsequent intersection. A return map, which illustrates the history of a dynamical system across one or
more periods without necessarily needing a cross-sectional plane, is a broader idea that maps a state of the system back to
itself after some time. While quasi-periodic activity can be depicted as a closed curve or a collection of points in the Poincaré
map, periodic phenomena can be categorized as a fixed point. The beginning of chaotic behavior is indicated by the existence
of a distinct collection of points in the Poincaré map.

(a) (b)

(c) (d)

Figure 8

4.5 Multistability

Understanding systems that can appear in multiple stable states depending on changing conditions requires multistability
analysis. It makes it easier to predict when these states will change, providing deep insights into complex processes like
stability and hysteresis. In fields including biology, engineering, chemical processes, economics, and finance, this analytical
framework is essential for improving comprehension of system dynamics and equilibrium transitions. The analysis of the
potential of multistability in the context of the system (16) will be expanded upon in this section. The system can disclose
as many different kinds of perturbations that can impact an individual since it can reveal numerous dynamic types at once
depending on changes in the initial conditions of the parameters. These consist of the periodic, quasi-periodic, and chaotic
patterns, each of which manifests under particular circumstances.

12



Figure 9

Figure 10

Figure 11
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Figure 12

4.6 Lyapunov Exponent

The lyapunov exponent(LyE), which is based on chaos theory, a theory that studies dynamic systems and holds that a
system is affected by its beginning conditions, is the method used to analyze stability. In particular, the LyE examines how
neighboring trajectories differ from one another among data points at various time instances in order to analyze the local
dynamic stability of a system, or the degree of sensitivity to minor perturbations that exist in a system. The dynamic stability
of a system is indicated by the rate at which trajectories diverge and converge. A negative LyE number denotes trajectories
that converge more over time and a locally stable system, while a positive LyE value denotes greater variance/divergence in
trajectories, a more unstable system, and an inability to reduce local disturbances.

Figure 13

4.7 Bifurcation Analysis

Understanding how a dynamical system’s qualitative behavior varies as a parameter is changed is the primary objective
of bifurcation analysis. When this variance causes the system to undergo substantial changes and produce new dynamic
behaviors, a bifurcation occurs. Equilibrium points, recurring patterns, or other system characteristics may develop, vanish,
or become more or less stable as the parameter varies.
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Figure 14

5 Conclusion

In this paper, we utilize the Sardar sub-equation and the modified Khater method to solve the new solitary wave equation. The
obtained solutions manifest in various forms, including hyperbolic, trigonometric, and rational expressions. We systematically
generated various soliton profiles to acquire ordinary differential equations, exploring a range of parameter values. To
emphasize the physical significance of the proposed model, we produced 3D, 2D, density and contour graphs with the help
of Mathematica and Matlab with carefully selected parameter values. These graphical illustrations serve to illustrate the
outcomes of our study. Additionally, we explored the bifurcation analysis of the nonlinear Akbota equation using principles
from bifurcation theory. Figure 14 and 15 show phase profiles under various parameter scenarios of bifurcation analysis.
Furthermore, we investigate the sensitivity analysis of the Akbota equation.
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